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A network (G, R) consists in a given undirected graph G of order n and a routing R, that is 
a collection of n(n- 1) simple paths connecting every ordered pair of vertices of G. Chung, 
Coffman, Reiman and Simon defined the forwarding index &(G, R) of a network (G, R) as the 
maximum number of paths of R passing through any vertex of G. Similarly we define the edge- 
forwarding index of a network (G, R) as the maximum number of paths of R passing through any 
edge of G. These parameters might be of interest in different applications concerning communica- 
tion networks. The forwarding (resp. edge-forwarding) index corresponds to the maximum 
amount of forwarding done by any node (resp. edge). The edge-forwarding index also corresponds 
to the maximum load of the network. Therefore it is of interest, for a given graph, to find 
routings minimizing these indices and we shall define the forwarding (edge-forwarding) index of 
a graph as the minimum taken over all possible indices of the possible networks. 
In this paper we give bounds on these forwarding indices, in particular as a function of the con- 
nectivity of the graph, and calculate them for products of graphs and for some specific graphs. 
1. Introduction 
A set of nodes (which are processors or communication centers), with links be- 
tween some of them for the purposes of communicating data or messages i usually 
represented by a graph. Instead of speaking of nodes and links we speak of vertices 
and edges. Since it is necessary to communicate between these nodes, a path between 
any two nodes of the graph is usually chosen in advance. A network (G, R) is defined 
as an undirected graph G and a collection R of paths between all its vertices. 
More formally, a routing R of a graph G is a set of n(n - 1) elementary paths 
R(u, v) specified for all (ordered) pairs u, v of vertices of G. Let us notice that, if 
R(u, v) = R(v, u) for all u, v, then we SX; that the routing is symmetric, which is not 
necessarily the case. Also if all the paths R(u, v) of R are shortest paths from u to 
v we say that we have a routing of shortest paths and specify it by R,. Again this 
is not always the case. 
If some nodes or links fail, it is important to know which paths of the network 
are destroyed, and quite naturally it seems that a “good” routing should not load 
any vertex or edge too much, in the sense that not too many paths of the routing 
should go through it. In order to measure the load of a vertex, Chung, Coffman, 
Reiman and Simon introduced in [5] the notion of forwarding index. 
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Let us call the load of a vertex v in a given routing R of a graph G, denoted by 
((G, R, v), the number of paths of R going through v (where v is not an end vertex). 
The vertex-forwarding index of u network (G, R) is the maximum number of paths 
of R going through any vertex v in G and is denoted by <(G, R), 
<(G> R) = ~yax, <(G, R, v). 
The minimum forwarding index over all possible routings of a graph G will be 
denoted by 6(G) and be called the vertex-forwarding index of G. The minimum 
taken over all the routings of shortest paths will be denoted by r,,,(G). 
r(G) = rnin l(G, R) and r,,,(G) = n-jn <(G, R,). 
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Since the notion of load in networks (always limited in practice by the capacity) 
is at least as important for links as for nodes, it is interesting to introduce and study 
the same concepts for the edges of a graph. 
Therefore we define the load of an edge e in a given routing R of G as the number 
of paths of R which go through it, and denote it by n(G, R,e). Then the edge- 
forwarding index of (G, R), denoted by 
of R going through any edge of G 
n(G, R), is the maximum number of paths 
n(G, R) = max rr(G, R, e). 
CE E(G) 
and the edge-forwarding index of G is defined as 
n(G) = min n(G, R) and n,,(G) = min n(G, R,). 
R Rm 
Clearly <(C)r r,,(G) and n(G)5 q,,(G). The equality however does not always 
hold as can be seen below. 
Example 1.1. Let IV, be the wheel on 7 vertices, with vertices 0, 1,2,3,4,5 on a cycle 
and a vertex c joined to all the previous ones. Let us define a routing of shortest paths 
R,,, in W, as follows: for every i, Or is 5, R,(i, i+ 2) = R,(i+ 2, i) = (i, i-b 1, i+ 2) 
(where the vertices are taken modulo 6), and for 0~ is 2, R,(i, i+ 3) = R,(i+ 3, i) = 
(i, c, i + 3). We have <( W,, R,,, c) = 6 and for any i, 0s ir 5, <( W,, R,, i) = 2, and 
clearly <,( W,) = 6. Also for any i, II( W,, R,,, ic) = 4 and rr( W,, R,, i i+ 1) = 6 and 
clearly n,( W,) = 6. 
Let us now define a routing R which is the same as the previous one except hat 
R(2,5) = (2,1,0,5) and R(5,2) = (5,4,3,2). This routing is not of shortest paths. 
We have <( W,, R, c) = 4, <( W,, R, i) = 2 for i= 2 or 5, and <( W&R, i) = 3 for 
i= 0, 1,3 or 4 and clearly c( W,) =4. With this routing R we have n( W,, R,2c) = 
7c(W6,R,5c)=2, for i=O,1,3,4, n(Wg,R,ic)=4, and for any i, n(W&R,ii+l)=7. 
Clearly n( W,) is not reached with this routing R. It is not difficult to see that 
rc( W,) = 6 (from Proposition 3.2). 
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For the general case of wheels, see Section 6.3. 
It is easy to observe that if RI is a routing of a graph G such that ((G, R,) = r(G) 
(n(G, RI) = n(G) respectively), then there exists a routing R2 such that {(G, R2) = 
r(G) (r(G, R2) = n(G) respectively), and 
R,(x,y)=R&x)=xy for any edge xy of S. 
Thus in the sequel we will only consider routings satisfying the above equality, 
In [5], Chung, Coffman, Reiman and Simon introduced the vertex-forwarding 
index problem: for a given n and .4 , find a graph G of order n and maximum degree 
sd which has a routing R such that {(G, R) = &,,n with 
TAJ = min r(G). 
,V(G)I=n,degGsA 
Similarly, the same problem holds for the edge-forwarding index. 
Using inequalities between the vertex and edge-forwarding indices, we will see in 
Section 2 that we have 
=A,tl= min n(G) = S2(n log n) 
IV(G)I=n,degGsA 
as proved in [5] for c(G). The same small diameter graphs (de Bruijn and Kautz 
graphs) reach this asymptotic bound for either the vertex- or edge-forwarding index. 
In Sections 3 and 4 we improve the bounds given in [S] for r(G), in particular by 
considering the connectivity of G, and similarly establish bounds on z(G),. We end 
this article by giving the forwarding indices of some products of graphs and finally 
of some specific graphs. 
In [S], Chung, Coffman, Reiman and Simon asked whether the problem of find- 
ing a routing R such that <(G, R) = r(G) for a given graph (7 is NP-complete. The 
same problem holds for z(G). 
Despite the similarity of the two notions of forwarding inlices and the fact that 
some of the results on the edges can be deduced from those on the vertices (see Sec- 
tion 2), the results on edge-forwarding indices are often dir’ferent from those on 
vertex-forwarding indices, as is pointed out through the paper. 
For definitions and notations not given here see [l] or [4]. We now introduce 
some more notations which will be useful in this paper. 
- K(U, V) will denote the complete bipartite graph with independent sets LIand V. 
- If x and y are two vertices of a graph G, then d(x, y) denotes the distance in 
G between x and y i.e. the length of a shortest path between x and y. R(x, y) will 
denote the path from x to y in the routing R of G. 
- If A and B are subsets of vertices of G, R(A, B) will denote the set of paths of R 
between A and B (from A to B and from B to A). In particular, R( V(G), V(G)) = R. 
Therefore, naturally, <(G, R(A, B),x) (resp. n(G, R(A, B), e)) will denote the number 
of paths of R(A, B) going through the vertex x (resp. the edge e). 
- An edge joining two vertices u and u will be denoted by UV, and a path 
or a cycle will be denoted by the sequence of its vertices, for example, P= 
(x0,x1, ***, x,1- I)* 
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All the graphs we consider in this paper are connected if nothing else is specified. 
Some of the proofs are omitted here and can be found in [7]. 
2. Inequalities between z and r aud asymptotic bounds 
Proposition 2.1. For any graph G of order n, maximum degree A and minimum 
degree 6, 
(i) 25(G) + 2(n - 1)~ An(G), 
(ii) n(G) 5 r(G) + 2(n - I), 
(iii) n&G) 5 r,,,(G) -I- 2(n - 6). 
All these inequalities are also valid for symmetric routings and inequality (i) for 
routings of shortest paths. 
Remark 2.1.1. In (i) the equality holds for C,,, Wn,KI,,, the n-cube, the Petersen 
graph and its line graph as can be calculated with the values given in Section 6. 
In (ii) the equality holds for the complete graph. 
Proof of Proposition 2.1. Let G be a graph of order n, R a routing of G and v a 
vertex of G. 
(i) Let us consider the paths of R which have v as one of their vertices, There are 
2(n- 1) paths with an extremity in v. The paths going through v induce a load on 
the set of edges adjacent o v which is 2r(G, R, v). Therefore, altogether, the load 
of the set of edges adjacent o v is 
2<(G, R, v) + 2(n - 1) = c n(G, R, e) (1) 
(e: VEe) 
and then 
2<(G,R,v)+2(n-l)sAn(G,R). 
By taking a routing RO which minimizes n(G, R), we get, for every vertex v, 
2<(G,R0,v)+2(n- l)rAn(G) 
and then 
2r(G,RO)+2(n- l)z~An(G). 
Since r(G) 5 <(G, R,), we obtain the inequality. 
(ii) and (iii) If we consider the paths of R going through an edge UV, the load 
n(G, R, uv) is at most r(G, R, v) plus the number of paths with extremity v going 
through uv which is at most 2(n -d(v)) if R is a routing of shortest paths and 2(n - 1) 
in the general case. So, in the case of a routing R of shortest paths, we have 
n(G, R, uv) i <(G, R, v) + 2(n - d(v)) 
n(G, R, UV)I {(G, R) + 2(n - 6). 
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So, if R0 minimizes T(G, R), we get for every edge uv 
rr(G, RO, UV)I &,,(G) + 2(n - 6) 
and then 
q,,(G) 5 n(G, R,) s r,,,(G) + 2(n - 6) 
so we get (iii), and similarly (ii). 0 
Let us recall the following asymptotic bounds on the vertex-forwarding 
problem. 
Proposition 2.2 (Chung, Coffman, Reiman, Simon [5]). If n + 00, rhen, 
- for any given dS3, &nr(l +o(l))nlogd_, n, 
- for A =6, T*,,, ~[3+O(l/logA)]nlog,_,n. 
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The upper bound is obtained by calculating the indices of graphs constructed 
from de Bruijn graphs (see Section 6.6 and 151). 
Using Propositions 2.1 and 2.2, we immediately find the following. 
Proposition 2.3. If n + 00, then, 
- for any given Ar3, n,,.?(l +o(l))(?n/A)log,_, n, 
- for Az6, nd,,,~[3+O(l/10gA)]n10gd_1 n.
3. General bounds for r(G) and n(G) 
We will first recall a result on the vertex-forwarding index. 
Proposition 3.1 (Chung, Coffman, Reiman, Simon [5]). Let G be a simple con- 
nected graph of order n. Then 
(9 f F y&(d(~Pv)- l)=<(G)=<,(G)r(n- l)(n-2). 
(ii) The equalities 
t(G) =&n(G) = f c c Wu, v)-- 1) 
” YfU 
are true if and only if there exists a routing of shortest paths in G for which the load 
of all vertices is the same. 
Similarly, for the edge-forwarding index we have the following bounds. 
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Proposition 3.2. Let G ‘- (V, E) be a simpgle connected graph of order n. Then 
1 
(9 - 
lE<G>l 
c d(u,v)rz(G)+,,(G)=L+n’J. 
(II, \‘)E vx v 
(ii) The equalities 
1 
x(G) = n,(G) = - c 0, v) 
IE(G)I (I(, ts)E vx v 
are true if and only if there exists a routing of shortest paths in G for which the load 
of all edges is the same. 
(The upper bound is reached for a graph vertex disjoint union of a connected 
graph of order L+n] and a connected graph of order [+nl with a bridge between 
them.) 
Proof. The proof we will give now for (ii) and the lower bound in (i) is similar to 
the one of [5] for Proposition 3.1. 
The sum of the loads induced on the edges of G by any path Q between two 
vertices u and v is at least d(u, v), with equality if and only if ,Q is a shortest path. 
Thus the sum of the loads induced by any routing R of G satisfies the following in- 
equality 
c;E n(G, R, d = c d(u, v) 
(If. L’) E vx v 
aud then, 
1 
n(G,R)z IE(G)I c d(u, v) 
(If. V)E vx I’ 
and therefore 
1 
n(G) z IEOI (11, V)E vx v c d@, v) 
with equalities if and only if R is a routing of shortest paths which induces a uniform 
load on all the edges of G. 
The upper bound in (i) is an immediate consequence of the following lemma. 
Lemma 3.2.1. Let C = (V, E) be a simple connected graph, and R a routing of 
shortest paths of G. For any edge e of G and any subset S of V we have 
n(G,R(S,S),e)5+IS12. 
Proof. Let e = uv and let 
U={xESId(x,u)<d(x,v)}, V={xcSId(x,u)>d(x,v)}, 
W={x~S~d(x,u)=d(x,v)). 
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If x and y are two vertices of S and e a shortest path from x to y, it is obvious that 
Q goes through e only if XE L/ (respectively V) and y E V (respectively V). Therefore 
n(G,R(S,S),e)=21UIIV/ and we get the result since ILII+IVIIISI. 0 
Remarks 3.3. 
(i) From the proofs of Propositions 3.1 and 3.2, it follows that if in a graph G, 
there exists a routing of shortest paths in which every vertex (or edge) has almost 
the same load (difference at most one), then the vertex- (edge-)forwarding index of 
G is equal to the maximum of the loads of all vertices (or edges) in this routing. This 
property can be used to obtain the forwarding indices of some graphs, for example 
the Petersen graph, cycles, p-cubes (see Section 6). 
(ii) If there exists a routing of shortest paths of a graph G which induces the same 
load on every edge, then G is not necessarily regular as can be seen by considering 
the star K,,, (see Section 6). 
Similarly if there exists a routing of shortest paths of G which induces the same 
load on every vertex, then G is not necessarily regular. However, in this case it is 
regularizable (see [2] for the definition). 
Proposition 3.4. Let G be a connected graph of order n such that there exists a 
routing of shortest paths of G which induces the same load on every vertex. Then 
&,(G)s L+n’J -(n - 1). 
This bound is best possible in view of a cycle of even order (see Section 6.2). 
Proof. We need the following lemma. 
Lemma 3.4.1. If there exists a routing of shortest paths of a graph G of order n 2 3 
which induces the same load on every vertex, then G is 2-connected. 
Proof. The proof is by contradiction. Let x be a cut vertex of G, C a smallest con- 
nected component of G-x, and R a routing of shortest paths of G which induces 
I uniform vertex load. Let ICI =p. Let us remark that, if Gi, . . . , Gk are the con- 
nected components of G-x, then, for any routing R of G, 
<(G*Rx)z2 ,5iTj5k IGil IGjI 
and in particular for any i, ~(G,R,x)~2~Gil(n - IGi I - 1). Therefore 
<(G,R,x)r2p(n-p- 1). (2) 
Let us consider the routing R’ induced by R in CU {x}. If y is a vertex of C such 
that d&x, y) is maximum in CU {x}, then <(CU {x}, R’, y) = ((G, R, y). From Pro- 
position 3.1(i), &CU {x}, R’, y)~p(p - 1). Therefore [(G, R, y)cp(p- 1). From 
this together with (2) and the hypothesis, we get p@- l)z2p(n -p- 1) and then 
pz $(2n - l), which contradicts the minimality of C. 
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Using this lemma, WC can apply [lo, Lemma 21, which gives C, d(u, v)(: L+n”J 
for any vertex u. Then, by Proposition 3.l(ii), we end the proof. Cl 
Let us notice, by considering a start Kr,p, that a connected graph in which there 
exists a routing of shortest paths which induces the same load on every edge is not 
necessarily 2-edge connected. 
In [S] the authors proved that the equalities (ii) of Proposition 3.1 are true for 
some special graphs G, in particular for the p-cube and the generalized cube (see 
Section 6 for definitions). We conjecture that the equalities hold for all vertex tran- 
sitive graphs. 
Conjecture 3.5. In any vertex-transitive graph G = ( V, E), there exists a routing of 
shortest paths in which the load of every vertex, and therefore the vertex-forwarding 
kdex, is equal to C,, v d(u, v)-(n- I), for any vertex u of G. 
The conjecture is not true for symmetric routings of shortest paths; indeed, the 
vertex-forwarding index of the p-cube, &,(QP), is odd for ~12 (see Section 6). 
We can prove that the conjecture is true for Moore graphs (such as the Petersen 
graph and the Hoffman-Singleton graph), for the line graph of K,,, the line graph 
of the Petersen graph (see Section 6) and also for Cayley graphs as stated in the 
following theorem. 
Theorem 3.6. If G = (V, E) is- a Cayley gruph of order n, then, for any vertex u in V, 
r(G) = L(G) = c d(u, v) - (n - I). 
,’ E 1,’ 
Proof. Let G be a Cayley graph. This means that there exists a multiplicative group 
H and S a set of generators of H satisfying I$ S and g E S * g-’ ES, such that the 
vertices of G are the elements of H, two of them x and y being joined by an edge 
if and only if Y-IX-ES. Let us denote by r the subgroup of automorphisms of G 
defined by 
r=(@,EAut(G)IgoH}, 
with c&(u) =gu for any vertex u of G. If x and y are any two vertices of G, there 
exists one and only one automorphism & of f such that G,(x) = y and it is given by 
g=yA--‘. 
Let us choose a vertex u. of G. For every vertex v in V, let R(u,, v) be a shortest 
path from u. to v. One can then define a routing R of shortest paths as follows. 
For any x and y in V the path from x to y is defined by R(x, y) = @(R(uo, e-‘(y))) 
where @ is the unique element of I- such that x=@(uo). (Let us remark that, if 
x= uo, then @ is necessarily the identity and the definition of R(x, y) is coherent.) 
Let us also notice that R(x, y) is a shortest path from x to y. 
It is now sufficient to prove that any two vertices u and u’ of G have the same 
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load. Let Q> be the unique element of rsuch that e(u) =u’. Then every path R(x,y) 
going through u is transformed by @ into a path of R, R(@(x), e(y)), going through 
u’. indeed, let I// be the element of r such that t&,-,)=x. We have r$. WEE and 
@ - I&,) = g(x) and so, from the definition of R@(x), e(y)), we have 
R@(x), NY)) = @. ~(R(uo, (@. w)-‘(NJ~))) = @. ~(R(uo, w-‘Q) 
= @(R(x, Y)). 
Moreover, as @ is an automorpbism, if x#x’or y#y’, R(@(x),Q)(y)) is distinct from 
R(@(x’), Cp(y’)). Therefore, l(G, R, u) I ((G, R, u’) and by symmetry, &G, R, u) = 
4XG, R, a’). q 
Let us remark that since the p-cube and the generalized cube defined in Section 
6 are Cayley graphs, our theorem easily gives the values of their vertex-forwarding 
indices calculated in IS]. 
The equalities (ii) of Proposition 3.2 are true in particular for a complete graph 
K, in which, for any edge e, the load is z(K,,R,e) =2 in a routing of shortest 
paths. Other examples are given in Section 6 such as the cycle C,,, the star K,,,, the 
p-cube QP. We think that more generally the following may be true. 
Conjecture 3.7. For any distance-transitive graph G = (V, E) there exists a routing 
R of shortest paths for which, for any vertex u of G, 
n(G) = n(G RI = ,EIIG), v&d(u, v) . 1 
In fact the conjecture may be true even for symmetric graphs (see [4] for the 
definition). 
Remarks 3.8. (a) Conjecture 3.7 is not true for vertex-transitive graphs or further- 
more for Cayley graphs as can be seen by considering the Cartesian sum KZ + Kp, 
for pr 3. 
(b) Conjecture 3.7 is not true if we consider symmetric routings of shortest paths. 
Indeed, if we consider thep-cube QP, it is impossible to find a symmetric routing of 
shortest paths which induces the same load on all the edges. Indeed suppose the con- 
verse and let R be such a routing. Then from Proposition 6.7 and Remark 3.3, 
n(G, R, e) = 2” for any edge e. Since the p-cube has 2p vertices and every vertex has 
degree p, from equation (1) in Section 2, the load of the set of edges adjacent o 
any vertex v is, 
t,z& Ir(GR,d=W’-- l)+WGR,v) 
and then, ~2~ = 2(2 p - 1) + 2<(G, R, v). Since R is symmetric, ((G, R, v) is even, and 
then the second member of the above equality is congruent o 2 mod 4 and the first 
one to 0 mod 4 if pz 2. 
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We also propose the following conjecture. 
Conjeciure 3.9, For any distance-transitive graph G = ( V, E) there exists a routing 
of shortest paths in which we have both 
- the load of all the vertices is the same, and then, for any vertex u of G, r(G) = 
t,,,(G)= C,d(u,v)-(n- 1); 
- the load of all the edges is almost he same (difference of at most Gne) and then, 
for any vertex u of G, 
n(G) = q,,(G) = -!!- c d(u, v)- . 
!EG)I v 
This conjecture is true in particular for C,,, the p-cube, the Petersen graph and 
its line graph, and the line graph of K, (see Section 6). 
We can give better upper bounds than those of Proposition 3,1(i) if we introduce 
the maximum degree or the diamcier of the graph. 
Proposition 3.10. Let G be a graph of order n, maximum degree A, and diameter D, 
(9 
(ii) 
We omil 
<(G)s&,,(G)s(n- Mn-2)-2(IE(G)I --Ah 
~(G)5&,(G)I:n2-3n-L+D]2- r+q2+0+2. 
the proof which is easy. 
Let us notice the following. 
(a) The upper bound in (ii) is reached for the graph G formed by a path (0, 1, . . . ,D) 
plus an independent set S of n - D - I vertices all joined to the same vertex v = L+DJ 
of the path. The routing R is unique in G. We have 
<(G,R(S,S),v)=(n-D-l)(n-D-2), 
<(G,R(S,P),v)=2D(n-D- l), <(G, R(P, P), V) = 2LtDJ r+Di 
so that <(G)=&,,(G) is equal to the bound in (ii). 
(b) If G is regular of degree A, (i) becomes r(G)5 r,,,(G) 5 (n - 2)(n - 1 -A) and 
this upper bound is reached for K,,. 
(c) The upper bound in (i) is also reached for the start K,,,_ , . In that case it is 
equal to (n - l)(n - 2) which was the upper bound given in Proposition 3.1. 
4. Upper bounds and connectivity 
The upper bound on r(G) of Proposition 3.1 can be lowered if G is 2-connected. 
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Proposition 4.1. If G is a 2-connected graph of order n, then c(G) I +(n - 2)(n - 3), 
and this bound is best possible in view of K2, n _ 2. 
Proof. As G is 2-connected, every pair of vertices u, v is on a cycle. If we choose 
a routing R0 in which, for every pair of vertices u, v, R(u, v) and R(v, u) have no 
vertex in common (except he end vertices), then any vertex x is on at most one of 
these paths. Therefore, for any vertex x, 
{(G, RO,x) s +((n - l)(n - 2) -- 2/E(G - x)1). 
And as G-x is connected, IE(G-x)1 zn - 2. Cl 
Let us notice that this new upper bound cannot be improved for graphs of dia- 
meter 2 since Kz,n_2 is of diameter 2. 
Similarly we think that the upper bound for r,,,(G) given in Proposition 3.1 can 
also be improved for 2-connected graphs. In particular, for graphs of diameter 2, 
we prove the following theorem. 
Theorem 4.2. If G is a 2-connected graph of order n, nr6, and diameter 2, then 
&,,(G)sn* - 7n + 12, and this bound is best possible since it is reached for a wheel 
W,_ , of order n minus one edge with both ends of degree 3. 
Proof. The proof is by contradiction. Let G be a 2-connected graph of order n with 
diameter 2 such that &(G)r n* - 7n + 13. Let R be a routing of shortest paths of 
G such that r(G, R) = c,,,(G) and x a vertex of G such that l(G, R,x) = <(G, R). 
(a) Since G has diameter 2, we have 
(n - 3)(n - 4) + 11 {(G, R, x) 5 d(x)(d(x) - 1) 
and therefore, d(x) r n - 2. 
(b) It is ea.sy to see that the number of pairs of vertices at distance one or two 
in a connected graph H of order q is at least 2q- 3 (consider a spanning tree of N, 
it has the property, as can be se:; n by induction on q). Therefore, since G -x is con- 
nected, the number of cinrles of vertices of G-x at a distance of at most 2 is at 
least equal to 2(2(n - 1) -3) =4n - 10. So the number of couples of vertices at a 
distanceof more than two in G-xisat most (n- l)(n-2)-(4n- lO)~n*-7n+ 12. 
Therefore there exists a couple (u, v) of vertices of G-x such that R(u, v) =(u,x, v) 
and a vertex x’ of G -x adjacent o bath u and v. 
(c) Since G-x ilj connected, IE(G -x)1 r n - 2, and since d(x)r n - 2, /E(G)/ 2 
2n - 4. If S is the sum of the loads on all vertices of G, we have S= n(n * 1) - 2lE(G)I 
since G has diamecqr 2. So we have SI n(n - 1) - 4n + 8. And as the load of x is at 
least (n - 3)(n - 4) + 1, any other vertex y of G (and in particular the vertex x’) has 
a load at most equal to S-r(G,R,x)=2n-5. Now 2n-5rn*-7n+ 11 for nz7, 
so if we consider the routing H’ which differs from R only by R’(u, v) = (u,x’, v), R’ 
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is a routing of shortest paths and we have {(G, R’)< <(G, R), which gives a contra- 
diction. 
For n = 6 one can check that the result is still true. cl 
For 2-connected graphs of diameter 2 and order n s 5, if n = 3, r(G) = 0, if n = 4, 
{(C)r 1, and if n = 5, <(C)13 with equalities in some cases. 
For the general case, we can only give the following conjecture. 
Conjecture 4.3. For any 2-connected graph G, of order n L 6, r,,,(G) 5 n2 - 7n + 12. 
This conjecture is true for regular graphs of degree at least 4 as can be deduced 
from Proposition 3.10(i). However, let us remark that the upper bound of Conjec- 
ture 4.3 cannot be substantially decreased for a 3-connected graph, since for a wheel 
of order n we have &,,(W,_,)=n*-7n+6 (see Section 6). 
Concerning the edge-forwarding index z(G) of 2-connected graphs we can only 
give the following conjecture. 
Conjecture 4.4. If G ;s a 2-connected graph then A( L+n”]. If true, this upper 
bound is best possible in view of the graph union of two Kn12 with two di$oint 
edges between them. 
However, for graphs of diameter 2 we have the following. 
Proposition 4.5. If G is a graph of diameter 2 with no end vertex !hen z(G)5 
n,(G) 15 2n - 4. 
It is not difficult to see that the result is the best possible for rr,.,, and a by con- 
sidering the graph union of a K”_* with a path abed joining two different vertices 
a and d of the complete graph. We omit the proof of Proposition 4.5 since it is very 
simple. Let us notice that if G, of diameter 2, has an end vertex then it is a complete 
graph on n - 1 vertices plus one vertex a joined to one vertex b of the complete graph 
and n(G) = n,(G) = 2(n - 1). 
For z,(G) we can improve the upper bound given in Proposition 3.2 when the 
graph G is 2-edge connected. 
Theorem 4.6. For any 2-edge connected graph G of order n we have 
n,(G)5 L+n’-n++]. 
This bound is best possible since it is achieved for the graph which is the vertex dis- 
joint union of two complete graphs on respectively L+<n - l)] and r+(n - 1)1 ver- 
tices and an extra vertex c, with an edge ab between the complete graphs and the 
two edges ac and bc. 
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Proof. (The original proof has been considerably shortened by Bermond.) Let G be 
a 2..edge connected graph of order n. Let us consider a routing R of shortest paths 
of G such that, for any two vertices x and y of G, the paths R(x,y) and R&x) have 
the smallest number of edges in common. 
Let e = uv be an edge of G and let C, be a shortest cycle (of length q) of G con- 
taining e (such a cycle exists since G is 2-edge connected). Let 
A={= L’(‘(G)~d(x,~)c&-,v)}, B={xE V(G)Id(x,u)>d(x,v)), 
M=(xE V(G)~d(x,u)=d(x,v)}. 
Let cy = IAl and p = IBI. Since R is a routing of shortest paths, the only paths of R 
going through e are among those of R(A, B)U R(B, A). 
Let us remark that, since C, is a shortest cycle containing e, for any two vertices 
x and y of C,, the distance between x and y in G is equal to the distance between 
x and y on C,. We distinguish two cases according to the parity of q. 
Case 1: q is odd. Let c be the vertex of the cycle C4 at the same distance from 
u and v on C,. By the above remark, c~A4. We have rr(G, R,e)~2lAl IBl=2a/3. 
Since IMIzl, a+/3=IAUBl1n-l and we get 
n(G,R,e)lL+n2-n++J. 
Case 2: q is even. Let u’ and v’ be the vertices of C, such that d(u’, u) = d(v’, v) = 
+q- 1 and such that the vertices u, u’, v’, v appear in this order on C,. From the 
above remark, we have U’EA and V’E B. By the choice of R, for any vertex a in 
A, at most one of the paths R(a, v’) or R(v’, a) goes through the edge e (otherwise 
change the path R(a, v’) by replacing the subpath from u to v’ by the shortest path 
of C, from u to v’ going through u’. The new routing is stih a routing of shortest 
paths, but the two paths from a to v’ and v’ to a have fewer edges in common, con- 
tradicting the choice of R). Similarly, for any vertex b in B, at most one of the paths 
R(b, u’) or R(u’, b) goes through the edge e. Therefore, at least a+P paths of 
R(A, B) U R(B, A) do not use the edge e and then we have 
r(G,R,e)12a/3-@+/3). 
Since (Y +prn, we get 
n(G,R,e)r+n2-n 
(indeed, if a+/I=s, 2crp-((r+B)=ts2-sr~n2-n). Cl 
The upper bound of Theorem 4.6 cannot be improved substantially for 
2-connected graphs. The graph G of odd order n formed by a path 0, 1,2, . . . , n - 3 
with two adjacent vertices a and b and edges between a and 0, 1, . . . , +(n - 5) and be- 
tween b and +(n-5)+2,..., n - 3 is 2-connected and z,(G) = +n2 - n -y. 
More generally, we have the following conjecture. 
116 M. C. Heydernann et al. 
Conjecture 4.7. For any A-edge connected graph G of order n, 
n,(G)~~+n2-(A-l)n++(A-l)2~. 
If true, this would be the best possible since the bound is achieved for the graph 
vertex disjoint union of three complete graphs A, B and C with respective/y 
L+(n-1+ I)J, [*(n--A+ I)], and 1- 1 vertices, an edge ab between A and B, and 
ali the edges between C and a and 6. 
5. Forwarding indices of some products of graphs 
5. I. Cartesian sum 
Let G and G’ be two connected graphs of order n and p. The Cartesian sum of 
G and G’, denoted G+ G’, is the graph of order np with vertices 
{(i,j’)li=1,2 ,..., n, j’=1’,2’,..., p’} 
where (i, j’)(k, 1’) is an edge of G + G’ if j’= I’ and ik is an edge of G or if i = k and 
j’l’ is an edge of G’. 
Proposition 5.1. If G and G’ are two connected graphs of order n and p, we have 
(9 HG+G’)sn<(G’)+p&G)+(n- l)(p- I), 
(ii) n(G + G’) I max(nn(G’), pn(G)). 
These inequalities are also valid for minimal routings. Moreover we have equality 
in (i) if ;S and G’ are Cayiey graphs. 
Proof. If cl, p, y are vertices of G + G’ and if R(cw, /I) and R(P, y) are two paths in 
G + G’ from cz to p and from p to y, I?@, /?) + Z?(D, v) will denote the path from a! 
to y obtained by concatenation of the two previous paths. 
Let R be a routing of G and R’ a routing of G’, we define a routing I? in 
G + G’ as follows. The paths in copies of G or G’ are the ones corresponding to the 
paths in G or G’. Between vertices in different copies, we take l?((i, j’), (k,f’))= 
l?((i, j’), (k, j’)) + d((k, j’), (k, l’)) where &(i, j’), (k, j’)) is the path in the j’th copy 
of G isomorphic to the path R(i, k) in G, and similarly, &(k, j’), (k, 1’)) is the path 
in the kth copy of G’ isomorphic to the path R’(j’,I’) in G’. 
It is not difficult to verify that we get the inequalities (i) (respectively (ii)) with 
this routing R if we choose R and R’ such that <(G, R) = r(G) and [(G’, R’) = <(G’) 
(resp. n(G, R) = n(G) and n(G’, R’) = n(G’)). 
If R and R’ are routings of shortest paths of G and G’, then Z? is a routing of 
shortest paths of G + G’ and the inequalities remain valid with parameters &.,, and 
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5.2. Lexicographic product 
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Let G and G’ be two graphs, G connected of order n with vertices 1,2, . . . , n and 
6’ of order p with vertices 1 ‘, 2 ‘, . . . , p’(not necessarily connected). The lexicographic 
product G[G’] is the graph defined as follows. It has np vertices, {(i,j’) 11 li<n, 
1 sjrp}. The vertex (i, j’) is joined to the vertex (k, rl) if and only if either ik is an 
edge of G or i= k and j’f’ is an edge of G’. For convenience, we will denote Gi, 
1 riln, the copy of G’ corresponding to the vertex i of G and will also call it the 
ith copy of G’. 
Let us notice that, since G is connected, G[G’] is connected. 
We will now introduce the parameter e which will be used in the following (a 
study of this parameter can be found in [6]). 
Definition of e(G). Let G = (V, E) be a simple graph without an isolated vertex. Let 
G* be the digraph obtained by replacing each edge by two opposite arcs. We con- 
sider the subdigraphs H of G* satisfying for each vertex X, d;(x) = 1 and denote by 
d-(H) = max, dl;(x). We denote by e(G) the minimum of d-(H) for all such sub- 
digraphs H. 
Proposition 5.2. Let G be a connected graph of order n and G’ a graph of order p, 
(0 W[G’I) =pC(G) +~(G)(P - I), (3) 
(ii) 
~(G[G’I)~Pc(G)+~~~ & r(p- Wdo(x)l; 
n(G[G’])sn(G)+4. 
(4) 
These inequalities are valid for routings of shortest paths. 
Remarks. (a) The upper bounds in (i) are reached for the lexicographic product of 
a cycle by a rtable set. The upper bound in (ii) is reached for K, P if p L 5 (see Sec- 
tion 6.4). 
(b) The upper bounds of inequalities (3) and (4) are equal for regular graphs (in 
this case Q(G) = 1). 
Proof. (i) Let R be a routing of G such that <(G, R) = c(G). We define a routing R’ 
in G[G’] as follows. Let (i, j’) and (k,!‘) be two vertices of G[G’]. 
If izk, which means that the vertices are in different copies of G’, then if. in G, 
R(i, k) = (i, i,, iz, . . . , k) we define 
@(A j’), (k I’)) = ((i, j’), (ii, 0, &1’), . .- , (k, 0). 
Let us notice that if a path of R goes through a vertex u of G, it induces p paths 
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of R’going through any vertex (u, v’), 15 v_cp of the uth copy of G’in G[G’]. This 
justifies the term p<(G) in both inequalities of (i). 
If i= k, which means that the vertices are in the same ith copy of G’ in G[G’], 
then either j’ and I’ are adjacent in G’ and then R((i, j’), (i, I’)) is the edge (i,j’)(i, I’) 
(which induces no load on the vertices), either j’ and I’ are not adjacent and we 
define a path of length two between (i,j’) and (i,/‘) in G[G’] in a different way 
depending on which of the inequalities (3) or (4) we want to establish. 
To establish (4) we first notice that any vertex (i,j’) of the ith copy of G’ has 
pd,(i) neighbours in G[G’] which are common neighbours with all other vertices 
in the same copy. Therefore we can define paths of length 2 between any two non- 
adjacent vertices (i, (x’), Ci, /3’) in such a way that the load induces by these paths on 
any vertex of the set of common neighbours is at most equal to rp(p- l)/pdo(i)l. 
So we get the inequality (4). 
Now to proceed with the proof of inequality (3), we associate with any vertex i of 
G one neighbour f(i) = T;(i) and define the path of length 2 from (i, j’) to (i, /‘) as 
R((i, j’), (6 I’)) = ((6 i’), U(i), I’), (6 1’)). 
Any vertex (f(i), /‘) will be used as an intermediate vertex on a path between vertices 
of the ith copy the G’ at most p - 1 times. Therefore, with the definition of Q given 
above, any vertex (k, I’) will be used as an intermediate vertex of a path between two 
vertices of the same copy of G’at most @(C)(p- 1) times. And we get the inequality (3). 
(ii) We first prove the following lemma. 
Lemma 52.1. If S is a stable set of orders, and P a path of order I, then the Mexico- 
graph+ product P[S] (on vertex set S, US, U se- US,) can be decomposed into s2 
edge disjoiot paths of length I- 1 between vertices of S, and vertices S,, in such a 
way that any two paths do not have the same origin and the same end. 
Proof of Lemma 5.2.1. The result is obvious for I= 2. Let I be at least 3. It is known 
that the bipartite graph KS,, can be decomposed into s perfect matchings. We con- 
sider such a decomposition for each bipartite graph K(S,, Si+ t) for 25ill- 1 and 
color each perfect matching with a color cj, 1Ijl.s. Now in the bipartite graph 
K(S,, S2) we color all the edges (l,i)(2,j), 1 ~j,s, with color ci. For any i, 1 sirs, 
the color ci determines s paths of length I- 1 from the vertex (1,i) to all the vertices 
(1, j) of S,. So altogether we have s’ edge disjoint paths satisfying the properties of 
the lemma. q 
Now, if R is a routing in G such that n(G) = rr(G, R), we define a routing R’ in 
G[G’] as follows. Using the lemma, to any path R(i,j) of G, we associate p2 edge 
disjoint paths from all the vertices of G,! to all the vertices of G,! and choose those 
paths for the routing R’ between vertices in different copies of G’. Those paths 
induce on each edge a load at most equal to a(G). To define the paths of R’ between 
vertices in the same copy Gf of G’, we choose a neighbour j of i in G and we use 
the same routing of paths of length 2 between any two vertices of Gi as in a bi- 
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partite graph KP,.p (see [7, Lemma 6.4.21). These paths induce a load at most 4 on 
the edge between different copies of G’. Cl 
6. Annex: Indices of some particular grq& 
All the proofs are omitted in this section and can be found in [7]. 
6.1. Trees 
Let us first notice that in a tree T the routing is unique and of shortest paths. 
Therefore r(T) = c,(T) and n( 7) = z,( 7). 
In the case of paths, the forwarding indices are easy to calculate. 
Proposition 6.1. If P,, is a path of length n - 1, 
(i) ~(pn)=4_+4d-t4  0, 
(ii) ~(P,)=~L+J r+nl. 
Proposition 6.2. If T is a tree of order n, 
(9 2L+nj(r+nl-1)1~(T)l(n-1)(n-2), 
(ii) 2(n-1)SA(7)SL+n2J. 
All these bounds are reached either for a path or a start. 
Remark 6.3. In a tree, an edge which has a maximum load induced by the routing 
is adjacent o any centroid (for a proof of this theoretical result and the definition, 
see [7]). 
6.2. Cycle C, 
Proposition 6.4. For any cycle C, of length n, nz3, 
(8 L(G) = 5(C, ) = L+(n - 2)24, 
(ii) rr,(C,)=a(C,)= L+n”J. 
(i) is proved in [S]. 
6.3. Wheel Wp 
Let us recall that the wheel W,, pr 3, is the graph of order p+ 1 formed by a 
cycle of length p and an extra vertex called the center joined to all the vertices of 
the cycle. 
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Proposition 6.5. If W,_ , is a wheel of order n, we have 
09 &,,(W,_I)=n2-7n+6 for nr7, 
c(Wn_,)= r(3-2ti)(n- 19*+(1/Z--29(n- 19+&l with $@sEI+~~; 
(ii) 71,(W,_,)=2(n-5) for nr8, 
~(W,_~)=2n-4$%+0(l) for nZ8. 
Furthermore, if n=+p(p+5)+1, then n(Wn_,)=2n-4p-2. 
Let us remark that this example shows that the minimum value of <(G,R) and 
n(G,K) is not always obtained for a routing of shortest paths. 
For small values of p we have the following: 
WJ=&, so <(WS)=&JWj)=O and 7r(W3)=7r,(W3)=2. 
<C&9 =MKd = 1 and tXW,9=<,tW59=2. 
For p=4 or 5, n(W,,)=7r,(Wt,)=4 and n(W6)=~,(W6)=6. 
Bipartite graphs 
Proposition 6.6. 
(i9 Ifpw, ~,wp,,9=a~p,q9= rpfp- 19/91. 
(ii9 n,(K,,, i) = 2p and tf 2 I qrp, 
I 2P(P- 19+2dq-- 19 1 +2rn,(Kp,,9s2 P-l i 1 - +4. Pq 4 
Let us notice that if p - 15 0 (mod q) then the diference between the upper and 
the lower bounds is equal to 1 and thus II, = 2(p - 1)/q + 3 + e with E = 0 or 1. 
7w2.2) = 7&nW2,*) = 4, w$q79 = 
t 
74Mp,p9=5 forp=3,4, 
Ir,(Kp,,)=6 forpl5. 
6.5. p-cube, generalized cube 
Let us recall that the p-cube denoted by QP is the Cartesian sum of p graphs iso- 
morphic to K2: QP=K2+K2+ ---+K,. 
The generalized cube is the Cartesian sum of p cycles of order k, G= 
C, + C, + .-- + C,. In other words, it is a graph with kP vertices which can be 
represented by words of length p on an alphabet of cardinality k: (x1,x*, .. . ,x,), 
0 5 xi I k - 1. The edges are defined as follov~~: each vertex (x1, . . . , xi, . , . , xp) is join- 
ed to (xi, . . . . xi+ 1, . . . . xp) for any i, 1 ri~p (where the xi are taken modulo k). 
Proposition 6.7. If QP is the p-cube of- order n = 2p, and G is a generahzed cube of 
order n = kP, then 
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0) ((QP) = &,,(Qp) = +n log2 n - n + 1, 
<(G)=&,,(G) =pkP-‘L$k*J -(kp- l), 
(ii) n(QP) = x,(QP) = 2p = n, K(G) = n,(G) = kP- ‘L)k*J. 
(i) is proved in [5]. 
6.6. Kautz and de Bruijn 
Let us first recall the definitions. 
A de Bru#a graph B(d, 0) is defined as follows. Let A be an alphabet of cardinality 
dr 2. Let D be an integer, Dr 1. The vertices of the graph are the words of length 
D on the alphabet A. Any vertex (LI,, . . . , aD) is joined to the vertices (A, al, . . . , a,_ I) 
and (a*, . . . . a& A), where I stands for any letter of A. This graph is of order dD and 
maximum degree d I 2d (with equality if Dz 3). 
A Kautz graph K(d,D) is defined as follows. The vertices are words of length D 
on an alphabet A of cardinality d + 1, any two consecutive letters of a word being 
distinct. Any vertex (a,, . . . . aD) is joined to the vertices (&a,, ...t~D_l) and 
(a2 --., aD, I(), where n and p are any two letters of A with 1 #al and p#aD. This 
graph is of order dD+ dD- ’ and maximum degree d ~2d (with equality if Dr3). 
Using routings which are not of shortest paths and not symmetric, the following 
inequalities have been proved. 
Proposition 6.8 (Chung, Coffman, Reiman, Simon [S]). c(B(~$D))cn log&t/d) 
with n = dD. 
Note that this upper bound is the one obtained in the proof of [5] although the 
result is stated differently. 
Proposition 6.9 (Homobono ]9j). <(K(d, 0)) 5 (D - 1)d”r n log&/d) with n = 
dD+dD-’ . 
Concerning the edge-forwarding indices we have the following. 
Pmgositioa 6.10. If G is a de Brugn or a Kautz graph of order n, then K(G)I 
(2&d) iogd n. 
6.7. Some more graphs 
6.7.1. 
Proposition 6.11. If G is a graph of dianteter 2, regukr of degree A and of girth 
5, then 
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(9 t(G) = C,(G) = 4d - I), 
(ii) n(G) = n,(G) = 44 - 2. 
Those graphs are called IMoore graphs. There are only three known such graphs: 
the pentagon, the Pete rsen graph and the Hoffman-Singleton graph (there may be 
one more of degree 573 see [3]. 
6.7.2. Line graph of the Petersen graph 
There exists a routing of shortest paths of the line graph of the Petersen graph 
satisfying the properties announced in Conjecture 3.9: 
- the load of all the vertices is the same and equal to 12, 
- the load of all the edges is the same and equal to 13. 
6.7.3. Line graph of Kp 
There exists a routing of shortest paths of the line graph of Kp satisfying the pro- 
perties announced in Conjecture 3.9: 
- the load of all the vertices is the same and equa; to +(p-2)(p- 3), 
- the load of all the edges is the same and equal to p- 1. 
Note added in proof 
Conjectures 4.3 and 4.4 have now been proved in [S]. 
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